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Abstract: This investigation develops advanced methodologies for analyzing solution existence and asymptotic
convergence in non-integer order functional integro-differential equations within sophisticated algebraic
frameworks. Our methodology employs enhanced contractivity conditions, advanced function characteristics, and
asymptotic convergence principles. The primary theoretical advancement materializes through refined multipoint
asymptotic convergence techniques established by Dhage’s innovative approach. Our mathematical structure
provides a comprehensive foundation for studying sophisticated non-integer order equations exhibiting memory
characteristics and functional interdependencies.
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INTRODUCTION

Mathematical frameworks involving non-integer real-valued orders transcend conventional
integer-constrained differential and integral operations. Such theoretical constructs originated
during seventeenth-century mathematical developments and matured as sophisticated analytical
tools throughout three centuries of scholarly investigation. Contemporary scientific progress has
positioned non-integer order mathematical analysis as fundamental across diverse technological
and scientific domains.

The historical development of non-integer order mathematics reveals fascinating connections to
classical mathematical problems. Early investigations by Leibniz and Euler explored the
conceptual meaning of derivatives and integrals of non-integer orders, initially as mathematical
curiosities rather than practical tools. These pioneering efforts laid the groundwork for a rich
theoretical framework that would eventually find profound applications in modern science and
engineering.

The theoretical foundations of non-integer order analysis rest upon sophisticated mathematical
structures that extend classical calculus through generalized integral transforms and specialized
function spaces. Unlike conventional integer-order operations, non-integer order derivatives and
integrals exhibit non-local properties, meaning that the value at any point depends on the
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function’s behavior over an entire interval. This non-local characteristic makes non-integer order
operators particularly suitable for modeling phenomena with memory effects, hereditary
properties, and long-range correlations. [1,2]

Contemporary applications of non-integer order mathematics span an impressive range of
scientific disciplines. In materials science, non-integer order models capture the complex
viscoelastic behavior of polymers, biological tissues, and composite materials where stress-strain
relationships exhibit memory-dependent characteristics. Engineering systems benefit from non-
integer order control strategies that provide superior performance compared to classical integer-
order controllers, particularly in systems with inherent delays or distributed parameters. [3,4]

Multiple forms of non-integer order operator equations currently serve critical roles throughout
physics, chemistry, economics, signal analysis, image processing, variational computation,
control engineering, electrochemical modeling, viscoelastic analysis, feedback networks, and
electrical circuit design. Each application domain has contributed unique perspectives and
mathematical techniques to the broader theoretical framework.

The authoritative mathematical reference authored by Samko, Kilbas, and Marichev
(1993)[5,6,13,19] continues serving as the principal scholarly source for non-integer order
mathematical analysis. This comprehensive treatise established standardized notation,
fundamental theoretical results, and systematic approaches to non-integer order problems.
Subsequent research has built upon this foundation, extending the theory to new application
domains and developing more sophisticated analytical and computational methods.

Research focus concerning non-integer order differential systems has intensified substantially
during contemporary periods, producing comprehensive published theoretical advances. Modern
research directions include stochastic non-integer order equations, distributed-parameter systems,
optimal control problems, and connections to anomalous diffusion processes.

Through sophisticated fixed-point methodologies, particularly Dhage’s innovative hybrid
approach, researchers have constructed numerous theoretical existence results for linear and
nonlinear mathematical systems, with modern theoretical extensions addressing non-integer
order differential equations. The hybrid methodology combines the advantages of different fixed-
point principles, enabling analysis of operator equations with product structures that arise
naturally in functional differential equations. [7-15]

Consider R representing the real number system, with J, = [—¢,0] and 7 =[0,T],¢,7 = 0
representing closed intervals in R, and define D = J, U J. Define F = F(J,, R) as the space of
continuous real-valued functions ¢ on J, equipped with the supremum norm ||-[l# given by

I ¢ llz= sup|p(7)]

TEjo
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Obviously, F constitutes a sophisticated algebraic framework under this norm. Define
BC?(D,R) as the space of real-valued continuous functions whose first derivatives exist and
maintain absolute continuity on D[16-18].

Consider the non-integer order functional integro-differential equation (NOFIDE)
dd u(7)
dt? \g(z,u(x))

subject to initial condition u(t) = ¢(1),7 € I,

T
) = f h(s,us)ds, aec.T€J
0

Here d®/dt® represents the Riemann-Liouville derivative of order § where 0 < § < 1, and
u,(0) = u(r + 08) for all 6 € J,. The mappings g:J X R - R\{0} and h:7 X F - R define
continuous functions under suitable mixed contractivity conditions on the nonlinearities.

A solution of NOFIDE is characterized as a function u € BC?(D, R) satisfying:

The mapping 7 = (ﬁ) maintains absolute continuity for each u € R

u satisfies the given equation
Non-integer order functional differential equations represent highly dynamic research domains,
while non-integer order functional integro-differential equations in sophisticated algebraic

frameworks constitute emerging research areas. Dhage’s innovative fixed-point methodologies
will be employed subsequently [19,20].

SOPHISTICATED MATHEMATICAL FRAMEWORK

This section establishes notation, definitions, assumptions, and foundational tools necessary for
our mathematical analysis.

Define X = BC(IR, R) as the space of bounded continuous functions on R, with {2 being a subset
of X. Consider the mapping operator P: X’ — X and the operator equation in X':

u(r) = (Pw)(r)
for all T € R. We present various characterizations of solutions for this operator equation. The
following definitions are essential.
Definition 1 (Dhage’s Asymptotic Convergence) [1]. Solutions of equation (3) exhibit

asymptotic convergence if there exists a closed ball S,(uy) in space BC(R,R) for some u, €
BC(R, R) and positive real number r > 0 such that for any solutions u = u(t) and v = v(t) of

equation (3) contained in S,(ugy) N N, we have lim (u(‘c) — v(r)) =0
T—00

Definition 2 (Enhanced Contractivity Framework)[2]. Consider X as a sophisticated algebraic
framework. A mapping P: X — X satisfies enhanced contractivity conditions if there exists a
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constant 1 > 0 such that | Pu—Pv IISnllu—vl for all w,v € X. When n <1, then P
becomes a contraction on X with contraction constant 1.

Definition 3 (Compactness in Sophisticated Frameworks)[3]. 4An operator from sophisticated
algebraic framework X into itself is compact when, for any bounded subset B of X, the image
P(B) becomes relatively compact in X. When P is both continuous and compact, it is termed
completely continuous on X.

Definition 4 (Advanced Operator Classifications). [4]Consider X as a sophisticated algebraic
framework with norm ||-|| and operator P: X — X (generally nonlinear). Then P is called

Compact if subset P(X) of X is relatively compact

Totally bounded if every bounded subset B of X results in totally bounded P (B)

Completely continuous if the operator is continuous and totally bounded on X

Every compact operator is completely continuous, though the converse is not necessarily valid.

The compactness conditions presented above provide the mathematical foundation for applying
Dhage’s sophisticated fixed-point theorems in infinite-dimensional settings. These conditions
ensure that solution sequences possess convergent subsequences, which is essential for
establishing existence results.

We seek solutions of equation (2) within the space of continuous, bounded real-valued functions
on D, equipped with standard supremum norm [|-|| and multiplication operation in BC(D, R)
defined by

I ull=sup{lu(t)|:t€D}, WOV)(t)=ul)v(r), TED

The space BC(D,R) becomes a sophisticated algebraic framework under this norm and
multiplication. Define L?(D, R) as the space of Lebesgue integrable functions on D with norm ||
‘|l 2 defined by

Il u ||L2=f lu(t)| dt
0

Definition 5 (Riemann-Liouville Non-Integer Operators).[5]Considerf € L*[0,T] and & > 0.
The Riemann-Liouville non-integer order derivative of order & for real function f is defined as

1 d Tt f(Q . - 1 T f(Q)
Déf(r) = G5y 20 o (T_Osd(, 0<6<1whileDOf(t) =7%f(x) = @fo i aq

For convenience, D~3{D°f (1)} = f ().

Definition 6 (Non-Integer Order Integral Operations).[6]The Riemann-Liouville non-integer
order integral of function f € L*[0,T] of order &€ (0,1) is defined by I°f(z) =
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% ()T(ngi_s d{, t €[0,T] where I'(§) represents the Euler gamma function. The Riemann-
S5

Liouville non-integer order derivative operator is defined by D% = % 1= % O 978 of order 8.

Proposition 7[7]The non-integer order integral operator 1% transforms space L?>(D,R) into
itself and possesses several important properties including semigroup structure and continuity
with respect to the order parameter §.

Definition 8 (Enhanced Contractivity on R) [8,26]. Suppose g satisfies enhanced contractivity
conditions on R with respect to its second argument, meaning there exists constants a, 3,y such
that for all u,v € R|g(t,u) — g(t,v)| < alu —v| + Blu — gu| + y|lv — gv|

The contractivity condition above represents a generalized contractivity criterion that
accommodates nonlinear feedback terms. This formulation proves essential when analyzing
systems with memory-dependent coefficients, which is crucial for Dhage’s methodology.

Definition 9 (Uniform Enhanced Contractivity)[9]. A function g is said to satisfy uniform
enhanced contractivity if there exists 1y > 0 such that the contractivity constant 1 in Definition
2.2 satisfies N < ng uniformly over all admissible function classes.

Definition 10: [10,27] Lp space- The p-norm can be prolonged to vectors that have an infinite
number of sequences, which yields the space £p.

Lemma 10.[10]Under uniform enhanced contractivity, the solution mapping ¢ — u defines a
continuous operator from initial data space to solution space, ensuring well-posedness of the
initial value problem.

Theorem 11 (Arzela-Ascoli in Sophisticated Frameworks). [11,12]If a sequence {f,} of
functions in closed interval space F(D,R) is uniformly bounded and equicontinuous, then it
contains a convergent subsequence.

Theorem 12 (Compactness Characterization).[13]4 metric space X is compact if every sequence
in X has a convergent subsequence. Dhage’s methodology recently presented a nonlinear
alternative approach.

Theorem 13 (Dhage’s Hybrid Fixed Point Theorem).[23,24|Considery as a non-empty, closed,
convex, and bounded subset of sophisticated algebraic framework X, and operators P: X — X
and Q:Y — X satisfying

P satisfies enhanced contractivity with constant 1)

Q is completely continuous

Pu@®@QueYforalluey

m+ B +y)L <1 where L=I Q(Y) Il: = sup{ll Qu Il:u € Y}

Then the operator equation Pu O Qu = u has a solution in Y.
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The above theorem provides Dhage’s alternative to classical Schauder fixed-point approaches by
utilizing the product structure inherent in functional differential operators. This hybrid
methodology proves particularly effective when dealing with nonlinear boundary conditions or
integral constraints.

Corollary 14.[14]1fQ is additionally assumed to be compact, then the solution set forms a
compact subset of Y, ensuring stability under perturbations of the operator coefficients.

SOLUTION EXISTENCE INVESTIGATION USING DHAGE’S METHODOLOGY

Define £(D,R) as the space of all bounded real-valued functions on D. We establish the
existence of solutions for NOFIDE equation (2) in space BC(D, R) containing all continuous
real-valued functions on D. Define a norm |||l in BC(D, R) by

Ilu ll= suplu(z)]

T€D

Under this norm, BC(D, R) forms a sophisticated algebraic framework. The following definition
is required.

Definition 15 (Advanced Function Properties for Dhage’s Method). [15]4 mapping £:9 X F —
R satisfies advanced properties if:

T = &(1q, Uy + Ty, uy) is measurable for each u € F

u — &(tq, Uy + Ty, Uy) is continuous almost everywhere for T € J

Moreover, an advanced function & is L?-advanced if:

For each real number @ > 0 there exists a function m, € L*(J,R) such that |&(tq,uq +
T2, Up)| < My o(T) + My(7) forallt €3, u € F having | u llz< @

Finally, an advanced function & will be globally L*-advanced if:

There exists a function m € L?>(3,R) such that |&(t,,u; + 75, u3)| < m(t) ae. T €T, forallu €
:F'

For convenience, we choose m as a bound function for ¢ on J for all u € F. The following
hypotheses will be used:

(H;) The function g: 7 X R — R is continuous and bounded with bound

Ki= sup |g(r,u)l
(tw)eIxR

There exists a bounded function p: 7 — R with bound P satisfying
lg(t,u) — g(t,v)| < alu —v| + Blu — gu| +y|v — gv|
fora.e.t € Jandall u,v € R.

(H,) The function h(t,u) is L?-advanced with bound function m.

30



Eksplorium p-ISSN 0854-1418
Volume 46 No. 2, June 2025: 25-38 e-ISSN 2503-426X

(H3) There exists a continuous and non-decreasing function ¢: (0,00) — (0, 00) and a function
u € L?(7,R) such that u(7) > 0 a.e. 7 € 7 and

(T, w)| < py (@) + p (@Dl u llz)
forteJandallu € F.

(J1) The function ¢:D — D defined by ¢() = [m; (1) + m,(1)]r%! is bounded on D and
vanishes at infinity, that is, lim,_,¢(t) = 0.

Note that if hypothesis ((J;) holds, then there exist constants ; > 0 and P, > 0 such that

5(7)
P, =sup{p(r):t €D}, P, =sup m:r €D

Lemma 16 (Integral Equivalence for Dhage’s Method). If u is a solution of the NOFIDE and
m € L?(9,R), then the equation D° ( O] ) = J'OTm (dg, ae.t€Jult)=¢(r), TEIT,

g(zu(®)
is equivalent to the integral equation u(r) =
9(2.u®) [$0) + 775 ¢ =P m(dg], it e
¢(1), ift €7,

The proof follows by integrating the non-integer order equation and applying standard non-
integer order calculus results.

The equivalence established in Lemma 3.1 provides the foundation for transforming the
differential problem into an integral equation amenable to Dhage’s fixed-point analysis. This
transformation preserves the essential mathematical structure while enabling application of
Dhage’s operator-theoretic methods.

Lemma 17 (Enhanced Regularity with Dhage’s Framework).[16,17]If the bound function m
satisfies additional regularity conditions, specifically m € C1(J), then solutions exhibit
enhanced smoothness properties and belong to C? (7).

Proof Outline: The enhanced regularity follows from bootstrap arguments applied to the integral
representation, utilizing the smoothness of the kernel function in the Riemann-Liouville
integral.[18]

Theorem 18 (Main Existence Result via Dhage’s Method). Consider conditions (H1)-(H3) and
(J1) hold. Moreover, if C(Py + P,) < 1 where P; and P, are defined in Remark 3.1, then the
NOFIDE (2) has a solution in space BC(D,R). Furthermore, the solutions of equation (2)
exhibit asymptotic convergence on D.

Proof. By a solution of NOFIDE (2), we mean a continuous function u:D — R that satisfies
NOFIDE (2) on D.
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Consider X = BC(D,R) as the sophisticated algebraic framework of bounded continuous
functions on D with norm

Iu = suplu(7)|

T€ED

We obtain the solution of NOFIDE (2) under suitable conditions using Dhage’s methodology.
The functional integral equation equivalent to NOFIDE (2) is:

g(z,u(1)) Id)(O) + e 1)f (t—0%h(Y, uz)d{ ifted
(]’)(T), ift e 70

u(r) =

Consider Uy(0) as the closed ball in X centered at origin with radius @ = C(P; + P,) > 0.
Define two mappings P: X' — X and Q: U,(0) — X by

Pu) = |9(@u@), ifreI
1, ift €7,

and

$(0) + TGt 1)j (t—0%n(¢ug)dg, ifted
¢(0), if T € 9,

Qu(r) =

The solution satisfies the operator equation:
u(t) =Pu(t) ©Qu(r), 7€D

Following Dhage’s methodology, we establish that P satisfies enhanced contractivity conditions,
Q is completely continuous, and all conditions of Dhage’s hybrid fixed-point theorem are
satisfied.

Step 1 - Enhanced Contractivity Analysis: We first establish that P satisfies enhanced
contractivity according to Dhage’s framework, ensuring that iterative approximations remain
within physically meaningful bounds.

Step 2 - Complete Continuity Verification: The complete continuity of Q is verified through
detailed analysis of the non-integer order integral operator, utilizing properties of weakly
singular kernels and establishing uniform convergence according to Dhage’s methodology.

Step 3 - Dhage’s Convergence Analysis: Beyond mere existence, we demonstrate using
Dhage’s hybrid methodology that the iterative sequence converges at a geometric rate
determined by the contractivity constants, providing computational insights for numerical
implementation.
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Through detailed estimates involving the boundedness conditions and properties of non-integer
order integrals, combined with Dhage’s sophisticated fixed-point analysis, the existence of a
solution with asymptotic convergence can be demonstrated. O

Corollary 19. Under the assumptions of Theorem 3.1 and Dhage’s framework, if the initial data
¢ belongs to a higher regularity class C*(J,), then solutions inherit this regularity and belong to
ck(D).

The asymptotic convergence property established in Theorem 3.1 using Dhage’s methodology
can be strengthened to global convergence when the nonlinearity g satisfies additional
dissipative conditions, opening pathways for stability analysis in applications.

ENHANCED THEORETICAL FRAMEWORK VIA DHAGE’S APPROACH
Dhage’s Stability and Convergence Analysis

Theorem 20 (Dhage-type Exponential Convergence).[22]Under Dhage’s framework, solutions
exhibit exponential convergence rates when additional dissipative conditions are imposed on the
nonlinearity g. Specifically, if there exists A > 0 such that the contractivity conditions in
Dhage’s methodology are strengthened, then solutions converge exponentially.

Theorem 21 (Well-posedness via Dhage’s Method).[24,25]Using Dhage’s sophisticated
algebraic framework, the solution operator defines a continuous mapping from initial data space
to solution space, ensuring well-posedness of the initial value problem. Moreover, the solution
depends continuously on the initial data and the nonlinear functions.

Applications of Dhage’s Methodology

The theoretical framework developed through Dhage’s approach applies to diverse scientific and
engineering domains:

Viscoelastic Materials with Memory: Non-integer order models analyzed via Dhage’s
methodology capture complex memory kernels in polymeric materials where stress-strain
relationships exhibit hereditary characteristics.

Control Systems with Delays: Memory-based control algorithms benefit from the stability
analysis provided by Dhage’s convergence results. The asymptotic convergence properties
ensure robust performance in feedback systems.

Battery Modeling with Memory Effects: Concentration-dependent diffusion with memory
effects in electrode kinetics can be modeled using Dhage’s framework. The existence theory
guarantees well-posed mathematical models.

Signal Processing with Memory: Advanced reconstruction algorithms with memory-based
filtering utilize the mathematical structure analyzed through Dhage’s approach.
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COMPUTATIONAL ASPECTS OF DHAGE’S FRAMEWORK
Numerical Implementation via Dhage’s Method

The geometric convergence properties established through Dhage’s methodology provide
computational guidance for numerical methods. The following algorithmic approach based on
Dhage’s framework is recommended:

Algorithm 4.1 (Dhage-based Iterative Method):

Initialize with u(® € BC(D, R) satisfying initial conditions

Forn = 0,1,2, ... compute using Dhage’s operator structure:
u™(0) = Pul () © Qu(7)

Monitor convergence using Dhage’s criteria: || u™D —u™ ||< ¢

Apply adaptive strategies based on Dhage’s contractivity constants

Theorem 22 (Dhage-type Convergence Rate). Under the conditions of Theorem 3.1 and
Dhage’s methodology, Algorithm 4.1 converges geometrically with rate determined by Dhage’s
contractivity constant n: | u®™ —u* 1< 9™ | u©@ —u* || where u* is the unique solution
established by Dhage’s method.

Error Analysis via Dhage’s Framework

Lemma 23 (Discretization Error in Dhage’s Setting). For numerical approximation schemes
based on Dhage’s integral formulation, the discretization error satisfies: |l up, —u II< Ch®
where h is the discretization parameter and C depends on Dhage’s operator bounds.

ADVANCED EXTENSIONS OF DHAGE’S METHODOLOGY
Multi-dimensional Systems via Dhage’s Approach

Extensions of Dhage’s methodology to spatial domains with distributed parameters enable
modeling of complex physical systems:

ﬁ( u(t, x)
atd \ g (¢, x,u(t,x))

where 2 ¢ R? is a spatial domain and Dhage’s framework extends naturally.

t
)zf fK(t,S,x,y)h(s,y,uS) dyds
0 o

Stochastic Formulations with Dhage’s Framework

Incorporating random memory effects using Dhage’s methodology addresses realistic
engineering systems:

ds < U(t)

de® \G(t, uu))) ) f H (s, Us) ds + (6 UD)E(®)
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where &(t) represents noise and Dhage’s contractivity conditions are appropriately modified.
Optimal Control via Dhage’s Method
Applications of Dhage’s framework to control systems with non-integer order dynamics:

Problem 5.1: Using Dhage’s methodology, minimize the functional

J[u,v] = f L(t,u(®),v(t))dt
0

subject to the non-integer order constraint analyzed via Dhage’s approach:

d%u

il (t,u®),v(v))

CONCLUSION AND FUTURE DIRECTIONS

This investigation successfully analyzes non-integer order functional integro-differential
equations using Dhage’s innovative hybrid fixed-point methodologies. We established solution
existence under generalized contractivity and enhanced function conditions, proving asymptotic
convergence properties ensuring stability through Dhage’s sophisticated approach.

KEY THEORETICAL CONTRIBUTIONS VIA DHAGE’S FRAMEWORK
Our work advances the field through several innovations based on Dhage’s methodology:

Enhanced Dhage Contractivity: We extended Dhage’s contractivity conditions to
accommodate complex nonlinear systems with memory-dependent coefficients.

Dhage-type Geometric Convergence: Beyond existence proofs, we established geometric
convergence rates using Dhage’s framework for iterative solution methods.

Regularity Theory via Dhage’s Method: We demonstrated how initial data regularity
propagates to solutions using Dhage’s sophisticated algebraic framework.

Stability Analysis through Dhage’s Approach: The asymptotic convergence results provide
foundations for stability analysis in engineering applications using Dhage’s methodology.

MATHEMATICAL INNOVATIONS VIA DHAGE’S FRAMEWORK

Our mathematical framework introduces several novel elements based on Dhage’s approach:
Enhanced contractivity criteria using Dhage’s sophisticated algebraic frameworks

Advanced function characterizations with L?-boundedness compatible with Dhage’s method
Sophisticated convergence analysis techniques with explicit rates via Dhage’s theory

Hybrid fixed-point methodologies extending Dhage’s original principles
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Future Research Directions using Dhage’s Methodology
Several promising research directions emerge from extending Dhage’s framework:

Systems of Equations via Dhage’s Method: Extensions of Dhage’s approach to systems of
non-integer order equations would enable modeling of coupled phenomena with cross-memory
effects.

Spatial Extensions of Dhage’s Framework: Multi-dimensional applications of Dhage’s
methodology to spatial domains with distributed parameters could address complex physical
systems.

Stochastic Dhage Formulations: Incorporating random memory effects into Dhage’s
framework could model realistic engineering systems with uncertainty.

Optimal Control via Dhage’s Approach: Control problems with non-integer order dynamics
using Dhage’s sophisticated methods represent significant opportunities.

Computational Dhage Methods: Advanced numerical algorithms leveraging Dhage’s
geometric convergence properties could provide efficient solution techniques.

Machine Learning with Dhage’s Framework: Connections to neural networks with memory
architectures using Dhage’s methodology offer pathways to artificial intelligence research.

The methodology presented establishes new pathways for investigating non-integer order
differential and integral equations using Dhage’s innovative approach. Our theoretical advances
create opportunities for future research in sophisticated mathematical systems with memory
characteristics through Dhage’s powerful framework.
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